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Abstract 

In IMoniT] are studied, for the axiomatic extensions of the monoidal t-norm 
based logic (|EG01 1), the properties of single chain completeness. 

On the other side, in |GJKO07 , Chapter 5] are studied many logical and alge- 
braic properties (like Hallden completeness, variable separation properties, amal- 
gamation property etc.), in the context of substructural logics. The aim of this 
paper is twofold: first of all we will specialize the properties studied in | GJKO07 
Chapter 5] from the case of substructural logics to the one of extensions of MTL, 
by obtaining some general characterization. Moreover we will show that some of 
these properties are indeed strictly connected to the topics developed in I Monlll . 
This will help to have a better intuition concerning some open problems of I Monl II . 



1 Introduction 

Monoidal t-norm based logic (MTL) was introduced in [EG01 1 as the basis of a logical 
framework of many-valued logics initially introduced by Petr Hajek in [Haj98 1. 

MTL and its extensions (logics obtained from it by adding other axioms) are all al- 
gebraizable in the sense of [BP89| and their corresponding classes of algebras form an 
algebraic variety (see [Nog06 CEG + 09| ). Given an axiomatic extension L of MTL one 



can study the completeness properties of L with respect to some classes of L-algebras: 
for example the class of all L-algebras, the one of all L-chains, the one of t-norm based 
L-algebras (if any). As shown in [Haj98 EG01 1 every extension L of MTL is strongly 



complete w.r.t. the class of all L-chains. Why is it important to find completeness re- 
sults, for a logic, with respect to a class of totally ordered algebras? As pointed out by 
Petr Hajek in the introduction of his book [Haj98 1 one of the desirable characteristic of 
his framework of many-valued logics is the comparative notion of truth: that is, sen- 
tences may be compared according to their truth values. So, if we agree with this point 
of view, then we must necessarily deal with totally ordered algebras, since the "truth 
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values" must be comparable. However, the class of all L-chains is very large and we 
do not have a "candidate" algebraic structure in which we can evaluate the truth values 
of formulas. 

This problem can be overcome when the logic is complete with respect to a totally 
ordered algebra: in this case we say that this logic is single chain complete. The article 
BMonl 11 presents a systematic study of completeness properties of this type, for the 
axiomatic extensions of MTL: many problems, however, remain open. 

The book [GJKO07], instead, is a reference monograph concerning residuated lat- 
tices as well as the associated substructural logics: in Chapter 5 of this book, many 
logical and algebraic properties are studied (like disjunction properties, Hallden com- 
pleteness, deductive Maksimova variable separation properties, pseudo-relevance prop- 
erties, amalgamation and interpolation properties), by showing many interesting equiv- 
alent characterizations of them. 

In this paper we specialize many properties of [GJKO07 Chapter 5] to the case 
of MTL logic and its extensions, by showing that most of them are indeed connected 
with the single chain completeness results of [Monl 1 1. We will conclude the paper by 
discussing some open problems. 

2 Preliminaries 

2.1 Syntax 

Monoidal t-norm based logic (MTL) was introduced in [EG01 1: it is based over con- 
nectives {&, A, — s>, _L} (the first three are binary, whilst the last one is 0-ary), and a 
denumerable set of variables. The notion of formula is defined inductively in the usual 
way. 

Useful derived connectives are the following 



^<p :=<p -> _L 
<P V W :=((<? -> y) -> V) A (O -»• <P) -> <P) 



(negation) 
(disjunction) 



For reader's convenience we list the axioms of MTL 



(<p -»• y) -»• ((y -»• x) -> (<p -»• x)) 

(cp&y) -> (p 

(p&y) -> (y&p) 

((pAy)-xp 

((pAy)->(yA9) 

((p&(<p->y))->(yA<p) 

(<p -> (y -»• z)) -> ((<p&y) z) 



(Al) 
(A2) 
(A3) 
(A4) 
(A5) 
(A6) 
(A7a) 
(A7b) 
(A8) 
(A9) 




{((p ->• y) -»• z) -> (((y -> a») ->• z) -> x) 
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As inference rule we have modus ponens: 

(D m — ► w 

(MP) 

W 

A logic L is called axiomatic extension of MTL if it is obtained from this last one by 
adding other axioms. In particular MTL is a substructural logic and also an axiomatic 
extension of the logic FL evv ([GJKO07, OnolO]): indeed MTL can also be axiomatized 
as FL ew plus 

(<p -> y/) V (y -> <p). (prelin) 

The notions of theory, syntactic consequence, proof are defined as usual. 

Let L be an axiomatic extension of MTL: for a positive integer «, L is called n- 
contractive whenever <p" — > (p n+ . 

For the axiomatic extensions of MTL it holds the following form of deduction theorem: 

Theorem 2.1 (|Cin04|). Let L be an axiomatic extension of MTL and T,(p,\jf be a 
theory and two formulas. It holds that 

r U { y/} hi <p iff there exists n G N + s.t. T \~l ty" -> (p. 

It is called local deduction theorem, since n depends on the theory and formulas 
considered. 

For every n-contractive axiomatic extension of MTL we obtain the following (global) 
form. 

Theorem 2.2 ([HNP07, Theorem 3.3]). Let L,F, (p,y be an n-contractive extension of 
MTL, a theory and two formulas. It holds that 

ruMh L (p iff THw"^(p- 

2.2 Semantics 

An FL^.-algebra is an algebra (A, *, n, U,0, 1} such that 

1. (A, n, U , 0, 1 ) is a bounded lattice with minimum and maximum 1 . 

2. (A,*, 1) is a commutative monoid. 

3. (*,=>) forms a residuated pair. z*x < y iff z < x ^ y for all x,y,z € A. Q 
An MTL-algebra is an FLgvy-algebra satisfying 

(x => y) U (y =^ x) = 1 (Prelinearity) 
Finally, a totally ordered MTL-algebra is called MTL-chain. 

The notion of assignment, model and satisfiability are defined as usual: we refer to 
BEG01II for details. 

Finally, if L is an (axiomatic) extension of MTL, with L we will denote its corre- 
sponding variety of algebras. 

'Here the partial order < is defined as x < y iff xV\y = x, for x,y £ A. 
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3 Algebraic and logical properties of extensions of MTL 
and single chain completeness results 

We begin with some definitions of properties introduced in [M onl 11 . 
Definition 1. Let L be an axiomatic extension of MTL. Then 

• L enjoys the single chain completeness (SCC) if there is an L-chain such that L 
is complete w.r.t. it. 

• L enjoys the strong single chain completeness (SSCC) if there is an L-chain such 
that L is strongly complete w.r.t. it. 

Remark 3.1. The reader could note that we do not have defined the notion of finite 
strong single chain completeness. This is because in [Monll Theorem 3] it is shown 
that this property is equivalent to single chain completeness. Hence we will deal only 
with this last one. 

Clearly the SSCC implies the SCC. The vice-versa is left, in HMonl 111 , as an open 
problem. In this section we will present some properties that are related to the ones of 
single chain completeness. 

Definition 2. We say that a logic L has the disjunction property (DP) if\~i <p V y/ 
implies that \~i <p or \~i iff. 

For example the intuitionistic logic enjoys this property: however it fails for many 
superintuitionistic logics (see [CZ91 1 for a survey) and for classical logic (for this last 
one x V -cc is a counterexample). 

For the case of axiomatic extensions of MTL, we obtain a negative result: 

Theorem 3.1. Let Lbe a ( consistent) axiomatic extension of MTL: then DP fails for L. 

Proof. The formula (x — > y) V (y — > x) is a theorem of L. Consider now the direct prod- 
uct 2 x 2 of two copies of two elements boolean algebra: clearly this algebra belongs 
to the variety of L-algebras. By taking a 2 x 2-evaluation v such that v{x) — (0, 1) and 
v(y) = (1,0), we obtain v{{x— >y) \/(y — >x)) = 1, whilst v(x — >y) < 1 and v(y —tx) < 1. 
From completeness theorem (|EG01|) we have Y/l x — > y, \/i y — >■ x. □ 

There is a property weaker than DP: the Hallden completeness. 

Definition 3. A logic L has the Hallden completeness (HC) if for every formulas <p, y/ 
with no variables in common, \~i <f> V \j/ implies that <p or 

There is an interesting algebraic characterization of HC, for the extensions of FL m 

Definition 4. An FL ew -algebra is said to be well-connected whenever for every pair of 
elements x,y, ifxUy— 1, then x — 1 ory— 1. 

Theorem 3.2 ( IGJKO07I Theorem 5.28]). Let Lbe a logic over FL ew . The following 
are equivalent: 
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1. L has the Hallden completeness. 

2. There is a well-connected FL ew -algebra si such that L is complete w.r.t. it. 

3. L is meet irreducible (in the lattice of axiomatic extensions ofFL ew ). 



Moving to the hierarchy of MTL and its extensions, as shown in [Nog06 Corollar- 
ies 4.19, 4.20], we have 

Proposition 3.1. An MTL-algebra is well-connected if and only if it is a chain. 

We can reformulate Theorem l3.2l as follows 
Theorem 3.3. Let L be an axiomatic extension of MTL. The following are equivalent 

1. L has the Hallden completeness. 

2. There is an MTL-chain sztf such that L is complete w.r.t. it. 

3. L is meet irreducible (in the lattice of axiomatic extensions of MTL). 
Hence: 

Corollary 3.1. For every axiomatic extension of MTL, the HC is equivalent to the SCC. 
Moreover 

Theorem 3.4 ([GJKO07, Corollary 5.30]). Let L be an n-contractive substructural 
logic over FL ew : the following are equivalent. 

• L enjoys the HC. 

• There is a subdirectly irreducible L-algebra such that L is complete w.r.t. it. 

A particular case of single-chain completeness is the following: 

Definition 5. Let L be an axiomatic extension of MTL. We say that L enjoys the sub- 
direct single chain completeness (subSCC) if there is a generic subdirectly irreducible 
L-algebra. 

Clearly the subSCC implies the SCC, since every subdirectly irreducible MTL- 
algebra is totally ord ered : for the n-contractive extensions of MTL, thanks to Corol- 
lary EH and Theorem |3 .41 also the converse holds. 

Theorem 3.5. Let L be an n-contractive extension of MTL: the following are equiva- 
lent. 

• L enjoys the SCC. 

• L enjoys the subSCC. 

Corollary 3.2. The following n-contractive extensions of MTL enjoy the subSCC: 
WNM, RDP, NM, G, L,„ SMTL", SBL" (see HEG01\ \Wan07\ \Hdj98\ \Gri77\ \BMTTj for 
their axiomatization). 
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Proof. In |Nog06| IEG01I |Haj98| lGn77l IMonl II iBMTTl IWan07l are shown examples 
of generic chains for t he va rieties associated to these logics. The claim of the corollary 
follows from Theorem l3.5[ □ 



Since in IMNH06, Proposition 37] it is shown that every locally finite subvariety of 
MTL-algebras is n-contractive, for some n, then from the previous theorem we have: 

Corollary 3.3. Let L be an extension of MTL whose corresponding variety is locally 
finite: the following are equivalent. 

• L enjoys the SCC. 

• L enjoys the subSCC. 

Problem 3.1. Are there (non n-contractive) axiomatic extensions of MTL enjoying the 
SCC but not the subSCC ? 

Even if it is not a solution for the previous problem, we have the following result: 

Theorem 3.6. The following non n-contractive extensions of MTL enjoy the subSCC: 
SMTL, BL, SBL, L, II (see l\EGGM02\ \Hdj98\ \CEGTOOV for their axiomatization). 

Proof. First of all, note that all these logics enjoys the SCC (for details see IM onl 11 ). 

As regards to L £ {SMTL, BL, SBL} take a generic L-chain gf: then «e/©2 is a 
subdirectly irreducible generic L-chain (indeed, as pointed out in [Nog06| the varieties 
corresponding to these logics are closed under ordinal sums). Finally, concerning L £ 
{L,n}, note that the standard L-algebra is a subdirectly irreducible generic L-chain. 

□ 

Another property, similar to the HC, is the following 

Definition 6. A logic L has the deductive Maksimova's variable separation property 
(DMVP), if for all sets of formulas Y U {<p} and £ U that have no variables in 
common, T, £ hx (p V \j/ implies T \~l <p or £ \~l \\f. 

As can be easily seen, the DMVP implies the HC. Moreover, the first property can 
be algebraically characterized as follows: 

Theorem 3.7 ([Kih06, Theorem 6.9]). The following conditions are equivalent for 
every substructural logic L over FL^: 

• L has the DMVP. 

• All pairs of subdirectly irreducible L-algebras are jointly embeddable into a well- 
connected L-algebra. 

• All pairs of subdirectly irreducible L-algebras are jointly embeddable into a sub- 
directly irreducible L-algebra. 

Problem 3.2. Are there some examples of extensions of MTL enjoying the HC but not 
the DMVP ? 
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Consider the following property: 

Definition 7. Let L be an axiomatic extension of MTL. We say that its corresponding 
variety enjoys the chain joint embedding property (CJEP) whenever every pair of L- 
chains is embeddable into some L-chain. 

The CJEP is very important for the (strong) single chain completeness results: 

Theorem 3.8 ( llMonl 11 ). Let L be an axiomatic extension of MTL. Then L enjoys the 
SSCC iff its corresponding variety has the CJEP. 



Moreover, as a consequence of Theorem |3/7j, we have the following result: 

Theorem 3.9. Let L be an axiomatic extension of MTL. If the variety of L-algebras 
enjoys the CJEP, then L has the DMVP 

Problem 3.3. Does the DMVP imply the CJEP ? 

Consider now: 

Definition 8. • A logic L has the pseudo-relevance property (PRP), if for all pairs 
of formulas <p, \j/ with no variables in common, hi <p — > y/ implies either hz, -><p 
or h L y/. 

• A logic L has the deductive pseudo-relevance property (DPRP), if for every the- 
ory r and formula \j/ with no variables in common, T hj, \j/ implies either T hj, _L 
or h L y/. 

• A logic L has the strong deductive pseudo-relevance property (SDPRP), if for 
every sets of formulas T and EU with no variables in common, T,E \~i \j/ 
implies either T Kl -L or E \~l W- 

It holds that 

Theorem 3.10 ( IGJKO07II ). Let Lbea logic over FL ew . 

• L enjoys the SDPRP if and only if every pair of sub directly irreducible L-algebras 
is jointly embeddable into an L-algebra. 

• SDPRP implies DPRP for every L, and the converse holds also when the variety 
of L-algebras has the CEP (i.e. every pair of L-algebras with being a 
subalgebra of 38, is such that for every congruence 9 of there is a congruence 
6' ofS% such that 9 = 9' D stf 2 ). 



Now, since every variety of MTL-algebras enjoys the CEP ([Nog06 page 42]) then 
we have 

Theorem 3.11. For every variety of MTL-algebras the SDPRP is equivalent to the 
DPRP. 

One can ask which is the relation between the DPRP and PRP: a first result, shown 
in [Kih06 l page 45] in the context of substructural logics, is the following. 
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Theorem 3.12 ([Kih06, page 45]). For every axiomatic extension ofMTL, the PRP 
implies the DPRP. 

Moreover 

Theorem 3.13 ([GJKO07, Theorem 5.57]). Every extension of the logic FL ew with the 
axiom ->((p A -><p) has the PRP. 

Hence 

Corollary 3.4. Every axiomatic extension ofSMTL enjoys the PRP and the SDPRP. 

This result can be strengthened. 

Lemma 3.1. The formula (<p A -i<p) — > (y/ V — ii//") is a theorem ofMTL. 

Proof. Suppose not: it follows that there is an MTL-chain with two elements x,y such 
that min(jc, ~ x) > max(y, ~ y). However this is a contradiction, since x > y implies 
that~*<~)>. □ 

Theorem 3.14. Let L be an axiomatic extension ofMTL: then L enjoys the PRP if and 

only if it is an extension of SMTL. 

Proof. If L is an extension of SMTL, then the result follows from Corollarv l3.4l 

Suppose now that L is not an extension of SMTL: it follows that \fi ^(y> A —*(p) and 
hence there is an L-chain srf with an element a > such that ~ a > (i.e. a i s a n on 
trivial zero divisor). Take (p := (x A ->x) and y/ := (y V -y): thanks to Lemma [3~H we 
have that \~i <p — > y/, whilst -i<p, and hence Y/l ~<<p, Vl V- Hence L does 

not have the PRP. □ 



Moreover, observe that the converse of Theorem 13 . 1 21 does not hold, in general. 

Counterexample 3.1. Consider Lukasiewicz logic (L) and take ip :=iA ->x, y/ := 
y V —y. Clearly hf, <p — >• \ff, but \/t _, <f, \ft y/ (this can be easily checked over the 
standard MV-algebra). However Lukasiewicz logic enjoys the DPRP, since the variety 
of MV-algebras enjoys the CJEP (see [Monll ]): indeed (p \~i \jf and <p \~i L. 
Note that this counterexample also applies to Nilpotent Minimum logic ( HEGOIV ). 



As we have pointed out in Counterexample 13 . lL the CJEP implies the DPRP. The 
following theorem shows the relation between CJEP and the other properties: 

Theorem 3.15. Let L be an extension ofMTL. 

• If the variety of L-algebras has the CJEP then L enjoys the SSCC, HC, DMVP, 
SDPRP. 

• IfL enjoys the DMVP then L enjoys also the DPRP. 

Proof. An easy check from the previous results. □ 
We now introduce another algebraic property. 



8 



Definition 9. We say that a variety K of MTL-algebras has the amalgamation property 



(AP) if for every tuple ^ ,SS^, ij), where si^tf G K and srf 3$, srf ^ 

h k 

there is a tuple (@,h,k), with & 6 K, @, @, such that hoi = ko j 



An easy check shows that the AP implies the DPRP, thanks to Theorem 3.10i 



There is, moreover, a logical property that is strictly connected to the AP. 

Definition 10. A logic L has the deductive interpolation property (DIP) if for any the- 
ory r and for any formula \j/ ofL, ifT hi then there is a formula y such that Y hi y, 
y hi \j/ and every propositional variable occurring in y occurs both in T and in 

As shown in HGJKO07B (see also HGO061 Theorem 5.8]) DIP and AP are equivalent: 

Theorem 3.16 ( 1GJKO071D . An axiomatic extension of MTL enjoys the DIP iff the 

corresponding variety has the AP. 

In Figure[l]are summarized the connections between the vario us p roperties hitherto 



introduced. The "negative" arrows follow from Counterexample 13. ll and some results 
pointed out IMo nllL concerning AP, CJEP and SCC: indeed in BMon06llMonl 11 it is 
shown that: 

• There are subvarieties of BL-algebras enjoying the AP, but for which the SCC 
does not hold: for example, the join of the varieties of Godel and Product alge- 
bras. 

• There are subvarieties of BL-algebras enjoying the CJEP (and hence the SSCC 
and SCC), but for which the AP fails to hold: for example, every variety gener- 
ated by a finite Godel-chain with more than three elements. 

These results clarify immediately the relations between AP and SCC, AP and SDPRP, 
SDPRP and CJEP, DPRP and PRP As a consequence we obtain that the SDPRP does 
not imply the DMVP: if this was true, then by following the arrows in the diagram we 
would have that the AP implies the SCC: a contradiction. 

We now discuss the relation between PRP and SSCC. First of all, the second one 
does not imply the first-one: Lukasiewicz logic is a counterexample. Finally, the neg- 
ative arrow from PRP to SSCC is a consequence of the fact that there are some exten- 
sions of SMTL whose corresponding variety does not enjoy the SSCC: for example, as 
previously noticed, the logic associated to the join of the varieties of Godel and prod- 
uct algebras, that clearly is an extension of SMTL. The last property that we want to 
discuss is Craig interpolation: 

Definition 11. Let L be an axiomatic extension of MTL. We say that the Craig interpo- 
lation theorem holds for L iff for any two formulas <p and \j/ of L, i/ hi <P — > ty, then 
there is a formula y such that hi (p — > y, hi y — > \ff and every propositional variable 
occurring in y occurs both in <p and in 

This property, however, fails for many axiomatic extensions of MTL: indeed in 
|Mon06| it is shown that this property holds only for G, G3 and classical logic, among 
the axiomatic extensions of BL. 
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Figure 1 : Relations between the properties previously introduced, for axiomatic exten- 
sions of MTL. 



Nevertheless, for the n-contractive axiomatic extensions of MTL that enjoys the 
DIP, we can obtain a weaker form of Craig's theorem (a generalization of the theorem 
given in [BM1 1 ] for some families of n-contractive extensions of BL). 

Theorem 3.17 (Weak Craig interpolation theorem). Let L be an n-contractive exten- 
sion of MTL that enjoys the DIP. For every pair of formulas <p, if\~L <p" — » ty, then 
there is a formula y such that \~l <p" — > J, Y 1 — > W an d every propositional variable 
occurring in y occurs both in <p and in 



Proof. An easy consequence of Theorem l2.2l and Definition IKJ □ 



4 Conclusions and discussion of the open problems 

One of the main problems (in the propositional case) left open in BMonl 11 was: 

Problem 4.1. Let L be an axiomatic extension of MTL enjoying the SCC: does L enjoy 
the SSCC ? 

Even if we do no t hav e solved it, note that this problem is connected with Prob- 
lem 3_2 and Problem 33 (the "interrogative" arrows in Figure Q]). Indeed if a logic 



enjoys the HC but not the DMVP, then the SCC holds, but the SSCC fails; the same if 
a logic enjoys the DMVP, but not the CJEP. Hence, a negative ans wer to one of these 



two problems will necessary involve a negative answer to Probleml4.1 



As explained in BMonl 11 page 163] another open proble m co ncerns the SCC for 



MTL, IMTL, ITMTL: this is still unsolved, but our Theorem 13. 31 could help to get an 
intuition towards a solution, since it provides some equivalent characterizations for the 
SCC. 

Future directions of research will concern these open problems, but also the first- 
order case. Indeed, in this paper we have completely overlooked the properties of 
SCC and SSCC for the first-order extensions of MTL: this has been done not be- 
cause these problems are poorly relevant, but because the situation is much more 
complicate than in the propositional case. For example in [Monll|, differently from 
the propositional case, for the SSCC in the first-order case it has been found only 
a sufficient (and not necessary) condition. Moreover there are many extensions of 
MTL enjoying the SSCC in the propositional case, but not in the first-order case. 
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